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Abstract— In this paper we introduce a class of Markov models, termed document transfer time. This time is clearly highly dependent
best-effort networks, designed to capture performance indices such as meangn the number of ongoing transfers on the links shared by the
transfer times in data networks with best-effort service. We introduce the . . . .
so-called min bandwidth sharing policy as a conservative approximation considered conqectlon. This nl,_lmber varies ?S_a random pro_cess
to the classical max-min policy. We establish necessary and sufficient er-aS New connections are established and existing ones terminate
godicity conditions for best-effort networks under the min policy. We then in a way which depends on how bandwidth is allocated, as well
resort to the mean flelq technl_que of stgtlstlcal physms_ to analyze'net'work as on the underlying traffic parameters.
performance deriving fixed point equations for the stationary distribution .
of large symmetrical best-effort networks. A specific instance of such net- 'ln th? case of a single bqtﬂeneCk resource S'hared pe_rfeCtly
works is the star-shaped network which constitutes a plausible model of fairly, simple traffic assumptions of Poisson arrivals and iden-

a network with an overprovisioned backbone. Numerical and analytical tically and independently distributed document size lead to a
study of the equations allows us to state a number of qualitative conclusions

on the impact of traffic parameters (link loads) and topology parameters processor sharmg queueing model [5] This fluid flow model

(route lengths) on mean document transfer time. provides useful results on expected response times as a function
Keywords— best-effort service, max-min fairness, min policy, mean field, Of the load of an access link or a Web server, for instance. It
star-shaped network. also shows how a form of congestion collapse can occur when
demand (arrival ratex mean document size) exceeds capacity.
|. INTRODUCTION The processor sharing queue is then no longer ergodic leading

Consid twork handling data fl ¢ | to unbounded response times. To understand the impact of mul-
onsider a network handiing data fiows rom several usetg,q bottlenecks and to investigate the effect of different sharing

gnd assume no quality .Of service commitments (such as m rategies, one would like to dispose of similar analytical results
imum bandwidth allocations) have been made by the netwoy multiple resource systems

to :.Te users.dSU?E allst|tuat|on.has t?een prtival]?nt in the Interne]t.o the best of our knowledge, the only analytical results avail-
untit now, and s fik€ly 1o remain so for anotheriew years. able so far are in Massoelénd Roberts [5], where the so-called
The preferred service model in that situation, known as b&gfe o1 network topology is investigated. Simulation results for
effort service, consists in allocating a fair proportion of bandy,q jinear network can be found both in [5] and in de Veciana et
width to contending users; see, €.g., Bertsekas and Gallager thlig) The main motivation for the present paper is to study the
Therg are actu_ally severall possible notions of fairness available t - 2nce of best-effort networks with alternative topologies,
for this bandwidth allocation problem (see, e.g., Mo and Wajp e, imate objective being the derivation of heuristics enabling
rand [2] for a parametric family of fairness criteria covering alf}, performance evaluation of bandwidth sharing in a general
other notions proposed so far), although the classical notion prQsyork.
posed in [1] is the so-called max-min fairness. _ In the present paper we report the results of our preliminary
Recent work has led to a relatively good understanding gfyestigations. These include an analysis of the stability con-
how bandwidth is shared between n(?twork users when a giv§fions under which the expected response time remains finite
congestion control algorithm is used; see, e.g., Mass@nid i, 5 general network. We also apply mean field techniques to

Roberts [3] and references therein. The question of what typgaate the performance of large symmetrical networks. Nu-

of fairness is achieved in the current Internet, where Jacobsopg ica| results derived from the model illustrate how response
congestion avoidance algorithm—as implemented in TCP

! _ a1 —Fites depend on the number of bottleneck links and their uti-
responsible for congestion control, has been studied in depth|Bysion. These results are of some practical interest and aide

Hurley et al. [4]. These studies all assume the number of flowg, \,nderstanding of the behavior of best effort networks. A
remains fixed. further significant contribution is the insight provided into the

In comparison, there is little work accounting for the randonhherent difficulty of deriving performance estimates when more
nature of traffic and its impact on user perceived quality of Sefian one bottleneck limits throughput.

vice. Consider for instance the transfer of digital documents gection 11 introduces a general class of Markov models for
(Web pages, files, emails,) using a transport protocol like pest-effort networks which is intended to capture the impact
TCP. This constitutes the bulk of Internet traffic today. Thgf network topology, traffic parameters and bandwidth sharing
performance criterion relevant to such transfers is the overglhimess) criteria on document transfer times. A brief account
This work has been partly supported by a grant from Frareécbm R&D. of the results obtglne_d _m [5] is given, and the sq-called m_m
G. Fayolle, A. de La Fortelle and J.-M. Lasgouttes are with INRIA, Domaif@@ndwidth allocation is introduced as a conservative approxima-
de Voluceau BP 105, Rocquencourt 78153 Le Chesnay CEDEX, France.  tion to max-min fairness. Section Il then establishes the nec-
L. Massoulé is with Microsoft Research, Saint George House, 1 Guildhgdssary and sufficient ergodicity criteria for best-effort networks
Street, CB2 3NH Cambridge, United Kingdom. — . . . “
J. Roberts is with France€lécom R&D, 38-40, rue du &#ral Leclerc, under the “min” policy. Section IV introduces the SO'(_:a”?d star
92794 Issy les Moulineaux CEDEX 9, France. topology”. Its relevance as a model of real networks is discussed
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These two conditions uniquely determine the bandwidth shares
and a mean field heuristic is proposed. This heuristic is expect@t". Having specified the Markov proceXs one can then at-
to be accurate in the asymptotic regime where the number of steampt to study its steady state properties, identifying the condi-
branches is large. The derived fixed point equations are invéons on the load parameters
tigated numerically in Section V. Simulation is used to verify w 1
the accuracy of the heuristics. Extensions to the star-shaped net- Pe= c z ArOy
work are also considered in Sections IV and V, which notably tist
allow an evaluation of the impact of the number of bottlenecksnder which it is ergodic and, when it is, determining the sta-

on the mean transfer time. tionary distribution. Mean transfer timd$ along each route
can then be computed using Little’s lal: = [Ex; /A;.
Il. BEST-EFFORT NETWORKS It turns out that explicit formulas for steady state distributions

Consider the following network model: a sktof links is are typically beyond reach. A notable exceptionis the linear net-
given, where each linke L has an associated capacity or bandwork, with bandwidth shares being allocated to realize propor-
widthC, > 0. A setR of routes is given, each route being identional rather than max-min fairness; see [5]. In order to obtain
tified with a subset of links. Fig. 1 illustrates the so-called lined@rmulas in other cases, one therefore has to resort to asymp-
network: it consists off links with equal capacity, route 0 which totics on various parameters. For instance, for the linear network
crosses each link, and routes= 1,...,L which cross a single with max-min fair rate sharing, the regime where the arrival rate
link. Ao along route 0 goes to zero (essentially, a form of light traffic

To each route are associated two parametexsis the arrival analysis) is considered in [5]; this leads to approximate formu-
rate of new transfer requests along rout@ndo, is the aver- las forTo. It can be shown, in particular, thap increases as
age document size. We make the following standard simplifyirie logarithm of the number of links whenL increases. This
assumptions: requests for document transfers along roate is in contrast to the case of proportionally fair sharing where it
rive at the instants of a Poisson process with interisitywhile  increases linearly ih.
the corresponding document sizes are mutually independent, inThe main purpose of this paper is to investigate an alterna-
dependent of the arrival times, and drawn from an exponenttidle asymptotic regime where it is the network topology which
distribution of mearw;. evolves. The precise description of this limiting regime will be

These traffic assumptions make the process specifying @gen in Section IV.
number of transfers in progress on different routes Markovian In the following sections, we consider bandwidth allocations
(see below) and thus greatly simplify analysis. The Poisson &ccording to the following “min” policy: given the network state
rivals assumption is not unreasonable in a large network. X each transfer along routereceives a bandwidth shagg""
view of the insensitivity of performance results for an isolategiven by
link to the exact document size distribution, we do not expect gmin & mmg 3)
divergence of the real distribution from the exponential size as- ' ter X’
sumption to invalidate the derived conclusions. However, thehere we have introduced the notatip= 3 5,%- to repre-
main reason for assuming an exponential distribution is cleadgnt the total number of transfers making use of ink
one of analytical tractability. It is easy to check that this policy satisfies the capacity con-

The network state is summarized by the variablés {x,r ¢ ~straints (1). Moreover, it is sub-optimal with respect to the max-
R}, wherex; denotes the number of transfers in progress alomgin fairness policy, as shown in the next theorem.
router. It remains to specify at what speed documents are trans-Theorem1: Under the same initial conditions, the vector
mitted in any given stat¥ in order to turrX into a Markov pro- X™™(t) for the system under thé™™ allocation policy is
cess with well defined dynamics. Indeed, given the Zat) stochastically smaller thaX™"(t), corresponding to thg™"
at which documents along routeare transferred when the net-allocation. _
work state isX, X is a Markov process with non-zero transition ~ Proof: Assume that, for somig X™™(t) < X™"(t). Then,

rates given by with the notation of (2),
mm _ mm
X — X +1: rateh,, o = rpggx r
X —=x—1: ratex.{;(X)/or. 1 e C
) ) > Xmm(t) z Xpi (t) r' Xmm(t)
A natural assumption would be to consider that each document ¢ r'se 12

receives its fair share of bandwidth. For instance, if as in [1] Cy Zmin
fairness is understood as max-min fairness, each transfer along X[min(t) '

Y%



Thus, using a coupling argument, one can define the processet order to express the transition rates in terms0éridp,,
XM and X™"(t) in such a way thaXx™™m(t) < X™"(t) for all remark that

t>0. ] 2 .
Thg pr(_evious '_theorem motivates the study _of the min policy, X, = z R = Z ArO; X < PéCémax)\X
as it implies for instance that mean transfer tiniesinder the (EY4 (EY4 fc 3 ArOr

min policy provide upper bounds on the corresponding transfer . )
times under the max-min policy. Then, using the notation
I1l. ERGODICITY CONDITIONS ol X i e maxxr,

r = 9
. . . ArO
In the following we demonstrate that min and max-min band- T

width sharing policies have a stationary regime under the usyg haveyr ¢ R,
conditions, i.e. when the load on each lifils less than 1.

Theorem2: Under the allocation policieg™™ and{™", the . _ T A X
network is Pa%(n) = —1| X(n) =X] > Dom &y’
(i) ergodic if maxec pr < 1;

(ii) transient if may py > 1. Thus,

This result has already been proven for the max-min policy R R R
in [6]; we note that, by Theorem 1, ergodicity under the min  [E[f(X(n+1)) — f(X(n)) | X(n) = X]
policy implies ergodicity under the max-min policy, thus the
treatment of the min policy given below provides an alterna- - ; (w+l P[a%(n) =1 | X(n) = )2]
tive proof to that of [6]. However we feel that, since the proof re

below is simpler and uses only elementary Lyapunov functions . . . -
results, it should be easier to adapt to a more complicated sit- =V P[AR(n) = —1| X(n) = X])
uation. Transience under conditiom) (is in fact valid for any
allocation policy which meets the capacity constraints (1). Ar V" [p Vi Xr ]

Proof:  Consider the discrete time chaftX(n),n € IN) - pmD MY ey

describing the sequence of states visited by the continuous time

jump proces¥. Transitions from a given staté = ()‘(r,r eR ) Lety, & y%er , whereyis such that
r = r0r

satisfy
1
= Aror
Pla%(n) =1|X(n)=X] = %, Pmyr = puyrer <B8<1 reR,
~ A A 1 Xr G for some real numbed satisfyingpm < 8 < 1. The following
P[a%(n) =-1|X(n)=X] = Do TR, inequality sums up what we have so far:
wherea%: (n) £ % (n+ 1) — %(n) and E[f(X(n+1)) = F(X(M) [ X(n) = X]
AYS X
C < 06— 1.
D = Ar+ = min = [ % }
3 (et grmnd) 2o 7R,
1 .
< R|- (max)\r + max— - mang) Let_q be a real number such thét< a < 1. The following
reR Oy (el guantities will be evaluated separately
def D’ o*
| n ey Mo X]
Ergodicity of the continuous time proceXswill follow from Sz, PMD VRN
that of X and from the fact that the mean sojourn times in each AryS %
. . def r N
stateX are bounded from above uniformly ¥a(or equivalently, 2 = owD [9 = ] .
that the jump rates out of each stdtere bounded away from rif<agy, PV M

zero), a property which is easily verified.
). aproperty y SinceX; is a sum of negative terms, the following bound

Sufficient condition. Assumepym = maxe p; < 1, and define holds, for anyrg is such thaky, = Xy,
the Lyapunov function

i Ar Y Yl _
F(R) & v3 51 <—2—(0—0a) < ——=(6—0a)minA; < O.
r; 1<Z<xr r pmD pmD reR

wherey: > 1 will be chosen later. The structure of the func- BOUndingz is straightforward:

tion, which may seem unnatural, has been chosen for the sake N
of computation; it is in fact of the general forfycr Bryy" +K, ¥, < Z Y < Y( y(ﬂ Dy IR [Bmax,.
for appropriate constanfs andK. e Sas, p'V'D p D reR




branches, each consisting of one inbound and one outbound link
(thus implicitly N is an even number), and all links have unit
capacity. Each route connects the endpoints of two branches
via the center node. It has an associated arrival raf&2and
mean message length The factor 2N is introduced to make

the total load on each linlg = Ag, independent of the number
\ " of links N. As discussed below, whed goes to infinity the
o number of ongoing transfers on any link becomes independent

of the number of ongoing transfers on any finite collection of the
other links (this was termed the “chaos propagation” property
in [8]). This allows us to derive fixed point equations for the

probability distribution of the number of transfers in progress

connection|'| on any link.

A. Symmetrical star-shaped networks

Fig. 2. A star-shaped network Although amenability to a mean field analysis is a significant
motivation for considering the star-shaped topology, it should
be noted that it is also relevant to the study of real networks.
Any overprovisioned links in a real network are largely trans-
(8— ) minA, +y(afl)C|R |Omaxh; < —, parent to the throughp_ut of elastic b_est effort flows. Only bot-
reR reR 7 tleneck resources, typically located in the access network and
within Web servers, need to be included in the network model.

Now, if C > 0 ande > 0 are chosen to satisfy the inequality

we haveyX € {%, > C}, The star-shaped network may thus be considered to represent
- - N N any network with a well provisioned backbone where through-
E[f(X(n+1)) = £(X(n) | X(n) = X] put is limited by bottlenecks at the source and destination edges.
Val = For example, inbound links might represent Web server CPU,
= atas _8pMD < _8pMD’ <O while outbound links correspond to the last hop of an ISP’s in-

terconnection network. This discussion not only motivates the
Since {X}; < C} is a compact set, Foster's theorem appliesonsideration of such a topology, but also suggests that léting
(see e.qg. [7]) and the Markov chain is ergodic. go to infinity might indeed be realistic M represents the num-
ber of Web servers over the Internet. Of course, there would be
no reason in practice to assume symmetry. This assumption is
introduced solely for reasons of tractability.

Necessary condition. Assume now that there exists such that
P, > 1. Defining

9(X) = g ok, Although our focus is on the star-shaped topology, the mean

r3to field approach can be applied to other symmetrical topologies.

we immediately have, It thus allows one to consider routes with more than two hops.

R R R R The corresponding extended model is described in detail in Sec-
E[g(X(n+1)) —g(X(n)) | X(n) = X] tion IV-B below, where the corresponding fixed point equations

_ o (IP A% (n) =1 | X(n) = )2] are derived. Section IV-C then presents analytical results for the
a r; ' A o star-shaped network. Results of numerical investigation of the
0 fixed point equations are reported in Section V.

B. Fixed point equations for large symmetrical networks

> 57[CroPeo = Ceol > 0. We use the following notation in the sequel.
« N: total number of links;
Since the jumps are bounded, the chain is transient. B . L: length of a route through the network;
« RN: number of routes going through a given link;
IV. MEAN FIELD ANALYSIS OF LARGE NETWORKS « XV: number of active connections on lidke L, in stationary
It does not appear possible to obtain closed form expressiciate;
for the stationary distribution of the best-effort network state un- x": number of active connections on routegoing through
der the min policy. We therefore turn to the study of these sthaksr(1),...,r(L);
tionary distributions under a limiting regime on network size anel A: arrival rate on a link;
topology. A similar approach has previously been successfullyd: mean message length;
applied to loss networks (see [8], [9], and references thereir)p £ Ao: load of a link.
and to queueing networks in [10], [11]. It is inspired by the We have implicitly assumed here that the number of routes
so-called mean field models of statistical physics. going through a linkR™), is the same for all links. We shall
Mean field analysis in the present context is best illustratéa fact assume further that the network topology is the same,
by the star-shaped network of Fig. 2. This network hg2 as seen from any route. We do not attempt to give a formal



Mo The chaos propagation assumpfiamplies thatork) obeys a
law of large numbers:

RN/ Bt N RN A [ ax Z lim o’ = fim PX" = k) ZIP(X = k).
X : 7 =R \ N—oo N— o

T R A e It appears that the dynamics of the system are drivemBy
T Y traditionally referred to as theean field. The following nota-
N \ A tion will also be useful:

(00010) . JASEERERN R I .
: b . .

PR CETRIN Y IS /A aM E Y ko, GZEX =Y kax
\\\ SN \ k>0 k>0
\ 00001 T ) . o o )
\ o e In order to derive the equation satisfied by the limit stationary
©0000) £00.00) distributionay, we must first describe the possible transitions
for oy, The two cases of interest are
Fig. 3. A hypercube-shaped network with dimension 5. » arrival on a link withk connections:
ok — o 1 Okl — O+ 1
k k= kit ki1t

definition of this symmetry assumption here. The reader is re-
ferred to [8] for a thorough discussion on the minimal symme- departure from a link wittk > O connections:
try assumptions required. Symmetry implies notably that each 1 1
route has the same number of hops and the same traffic pa- Ok — Ok — N’ Ok—1 — Og—1+ N
rameters. The star-shaped network discussed above constitutes
an example of such a symmetrical network whes 2 (with The transition corresponding to a new connection arrival has
=N/2). rateA. The main problem is to compute the departure rate from
It is more difficult to come up with meaningful examples oft ik £, given that it has<;" = k ongoing transfers. This can be
symmetrical networks supporting routes with> 2: in partic- Written as

ular, the network should not be fully connected, since routes 1 N

longer than one hop would then be pointless. One reasonable o Z IE[ QI‘E'?Xr ‘ XZ - k]' (4)
model is a hypercube (Fig. 3) of large dimension, in which each 3t

edge contains two one-way links. Since the total number of routes is much larger than the size

The hypercube is a classical structure with many symmetri@$ of the network, we assume that the probability of having more
Itis characterized by its dimension Its vertices are representedthan one connection on a routis negligible?, and that the links
by d-tuples of Os and 1s (e.g0,1,1,0,1)) and its edges connect on router are independent, conditioned ¢xi"’ = 1}3. The first

two vertices differing in only one coordinate. property allows to rewrite (4) as
The total number of links in such a networkNs= d29. The 1
number of routes going through any link is = z EXM | X" =K IE[ a | XY = 1]. (5)
ler
raé (n
(N) (d B l)! . . . . .
RY = L(d AT Let j be a given link and let be one route using link, i.e.,

r 3 j. The distribution ofX ", conditioned on there being one

where the only routes considered are the shortest paths betw@@pnection om, is then
two vertices which differ in exactly. coordinates. Note that IE[ . w ]
the results below do not depend on the precise topology of the PIXM =K | XV =1] = (X =K} {x =1}
network. J ' IE 31{ Ny '

We now derive the fixed point equations. It should be stressed A
that this derivation is heuristic. We clearly mention which steps By symmetry, it is possible to sum both sides of the above
need further justification in the course of the derivation. We déaction over all the routes going through link
believe that the equations are very good approximations, how- N)
ever, especially in view of the numerical and simulation results IE [XJ 1
presented in the following section.

Assume now thap < 1 and that the system is in stationary
stateX™ = (xV,r € R ). For anyk > 0, the proportion of links _ KEay
in statek is  Ea™

N) qer 1 ZEL 1 1We have not proven that this assumption holds. It seems, however, that the
"

{X}N)=k’}]
IEXJ-(N’

PXM =K |V =1 =

techniques developed in [8] could be applied to prove that this is the case, pro-
vided the parameté®N goes to infinity withN.
By symmetry, it holds that tior;r;rli rf:';lgcitnl{zeasy to prove in finite time, but requires more work for the sta
N) N) 3This is the point where the heuristic is not completely exact; it is however
P(X," =k)=IEa,”’, Ve L. likely to be true wherp tends either to 0 or 1.



Inbound links Outbound links

\

Departure rate (5) then becomes, in view of the assumed in-
dependence property between ¥ givenx, =1,

k 2 1 1 1\ L kIEa)’
5 3 (e i) Mean
O, F-1 2 L)L) Eal

Taking the limitN — oo, the invariant measure equations fol-

low. We have: 1
Uy 7
—Ao+a1=—5 =0 (6) z 3
and
1 Uk+1 Uy
A(Gk—l—ak)+6 (Gk+1F—0kF) =0 (7)

fork > 1, where Fig. 4. The asymmetrical star-shaped network

(8)

. i 1 1 1)
u = k % <E/\ P ASRRA K) |_Lki0(|q- Remark 1: When considering the star-shaped network as a
ko, =1 2 = model for Web transfers over the Internet, as suggested in Sec-
Equations (6) and (7) can be rewritten in a more concise forf?" 'V-A, inbound links could be seen as the CPU of Web
servers and outbound links as the last hop between the ISP’s
) backbone and the end customers. It thus makes sense to relax
the symmetry assumption we had made between inbound and
The two sets of equations (8) and (9) together constitute thatbound links, as the two types of bottlenecks are of a dif-
fixed point equations we require. As noted in the introductioferent nature. We might thus consider a star-shaped network
of this section, these equations do not depend on the topologyith N inbound linksN°* outbound links, inbound (resp. out-

as

Ok 1Ukr1 = pa-"tay, vk > 0.

the network. The expression fag can be simplified.
LetYs,...,Y. be random variables with distribution

P(Y =y) =%, 2<i<L,
and letY £ maxYz,...,Y,). Then (8) reads

u = kat1 IE[% A 1]. (10)

Y

Straightforward calculations yield
>rl 1

= —A=|IP(Y =Yy)
ygl[k y]

= iWiD P(Y <vy).
y:

IE[l 1]

KNy

The simplified form foruy is thus, from the basic properties

of the minimum of independent random variables:

® 1 Y L-1
U = kyzkm [ngomam] . (11)

Note that, in the cade= 2 (i.e., for the star-shaped network),
the original equation (8) is perhaps simpler than the equivale%lf
expression (11). It yields the following form for the fixed poin

equations:

12)
(13)

Ok+1Uk+1 paay,

U = (kAy)ay.
2

bound) links having capaci®™ (resp.C*), see Fig. 4. Assume
the mean message lengths the same for each two-hop route,
and the link capacitie€* are fixed. The arrival rate on each
route has the form, = A/N", and the loag® = A /C™is less

that 1. The capacitg™ of a “backbone” link is chosen to en-
surep” & AoN*/C"N" < 1 is fixed when the size of the system
grows. Then, abl" andN** increase, witiN" /N° small, the in-
bound links have many active connections and a large capacity,
while the outbound links remain in “normal” utilization. The
same approach as above can then be applied, to yield the set of
fixed point equations

Uity = Plo™o,
pin aoma (l)(ut’

out

OjfiUyr =

where

up = yzoa‘; min [k, %y] ,

ut

W = Z)a;“‘min [(C::_ K, y} ,

y>

anday (resp.ay") represents the proportion of inbound (resp.
tbound) links withk ongoing transfers.

tC. Analytical resultsfor L = 2

While equation (9) looks superficially like a “birth and death
process” equation, it is in fact non-linear due to the fact that
anda both depend on the,.

From (10), one clearly sees tha{ is increasing ink, and
tends toa'—! whenk — «. Thereforep is increasing as long



asug < pat—1, and decreasing after that. This means thatthe 0.08
form a modal distribution, which maximal value is attained at

ko = max{k > 0, ux < pa*-—1}. 0.06

heheheohohohol

We now present analytical results on the solution of the fixed i ]

point equations foL. = 2. The proof of these results can be
found in [12]. It relies heavily on functional analysis.

004l | g

distribution

Equations (12)—(13) have an unique solution o« 1 and, 0.02 I
whenp — 1, the following asymptotic expansions hold:
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. 1
limp*P(X=k =~ (1— p)Bexp[i1 A] :
k—yeo (1-p) Fig. 5. Distribution of the mean-field probabilities(¥ = k) for L = 20 and
. different values of the loagd.
whereA andB are non-negative constants.

Thus, under the min policy, any link in the star-shaped net- 0.04
work has a mean queue length which is one order of magni-
tude larger than for a single server queue with the same load
(p/(1—p)). Its tail distribution is still geometrical with factor 0.03 -
p- 0025}

Itis possible to give an expression for the constarif c and
v are solutions of the following system of differential equations,

0.035} —

L el )
o

0.02 -

distribution

0.015
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0.005 -

S\ Ny b L ‘ L
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number of connections

thenA can be written as follows:

A= / (z)dz= lim 2/ (2) ~ 1.30.

AN Fig. 6. Distribution of the mean-field probabilities = k) for different values
of the route lengtf. and loadp = 0.9.

Since this system is numerically highly unstable, it has proven
difficult (with the “Livermore stiff ODE” solver from MAPLE)

to derive a better estimate fAc As clearly seen in the figure, the distributions are very dif-
It is interesting to note that the functiov(y) < v(e¥) + 1 sat- ferent from what would be obtained for routes of lengyti 1.
isfies the so-calleBlasius [13] equation In this case, the system consists of a collection of independent
M/M/1 queues and the associated distribufiorn } is geometric.
w" (y) +w(y)w'(y) = 0, ForL > 1, the{ay} distributions are markedly modal and the po-

sitions of the peak values are roughly proportionglite- p) ~2
which describes a laminar boundary layer along a flat plate (S@gact has only been proven in Section IV-C for the daseZ
e.g., [14]). Moreover, since the shape of the distribution is rather narrow,
this position roughly coincides with the mean number of active
connection (as can be seen from the raw data).

While the analytical results of Section IV-C give some good The impact of route length is illustrated in Fig. 6. It seems
estimates, they are only valid in the heavy traffic regpne 1.  that the mean number of active connections (which is again ap-
In addition, similar results fot > 2 are not available. We thus proximately the peak value of the distribution) is roughly pro-
resort to numerical resolution of the equations to gain a bettgsrtional to log.. Note that a logarithmic growth rate is very
understanding of the performance of transfers across large sygtow suggesting that, beyond 2 or 3, the number of bottlenecks
metrical networks. The very form of the equations suggests thiges not have a significant impact on mean transfer times. They
use of a fixed-point method for this numerical resolution: starfepend much more on the lopd
ing fromapriori values(ak ,k>0), the algorithm computes the  The results presented so far only concern the solution of the
correspondlnglk from (8), and then new valuelrsk from (9). fixed point equations. As mentioned earlier, there are gaps in
Provided special care is taken to avoid instabilities, the iteratitime derivation of these equations. To assess their quality and
of this process converges rapidly (less than 100 steps). Samjplénvestigate the accuracy of the asymptotic approximation for
results are shown in Fig. 5, corresponding to a large symmetridalite size networks, we ran a number of simulations of the star-
network with routes of length = 20. shaped network. Fig. 7 displays the corresponding results when

V. NUMERICAL ANALYSIS AND SIMULATIONS



sufficiently complex model, and that the study of symmetrical

09} - networks withL > 2 is less relevant.

08l : The work presented here can be pursued in several directions.
5§ o7l mean field On the theoretical side, the analytical results presented in Sec-
3 06l | tion IV-C constitute a first step to understanding the solution
z - of the fixed point equations which could be taken further. An-
% 05T 1 other challenging theoretical question is to improve the fixed
3 ) point equations in a rigorous way. On a more practical side, the
3 031 1 fixed point equations might be simplified so as to find simple

02 1 approximate formulas for mean transfer times as a function of

o1f 1 key parameters (such @$, p° in the case of the asymmetrical

ol el ‘ ‘ ‘ ‘ ‘ star-shaped network described in Remark 1). Such approximate
0 20 40 60 80 100 120 140

formulas could then lead to engineering rules for capacity plan-
ning.

We view the present study as a preliminary investigation into
the performance of best effort networks with multiple bottleneck
links. A significant result of this investigation is the discovery
that the extension of the processor sharing model valid for a
the load on each link is set o = 0.9 for a varying number single bottleneck proves to be very hard. There appears to be

number of connections

Fig. 7. Cumulative distribution IX < k) for different values oN (simulation)
and infinite size (fixed point) for a star-shaped network with lIpad0.9.

of links. The agreement between the simulation results and the simple parallel to the familiar fixed point techniques used in

fixed point equation results is excellent fidr= 100 links and
improves ad\ increases.

loss networks. The problem is, however, of considerable prac-
tical importance for providers seeking to engineer their network

to ensure adequate throughput for document transfers. We hope

VI. CONCLUSIONS

therefore that this paper will incite further work and the devel-

In this paper, we have considered a class of Markov pr@Pment of alternative heuristic approaches.

cesses called best-effort networks which constitutes a natural
probabilistic model for evaluating the performance of document
transfers over data networks such as the Internet. Unlike almbst
all previous work, this model accounts for the random naturg
of traffic: document transfers begin at the epochs of a certain
arrival process and the size of each document is drawn fr

a given probability distribution. In the interests of tractabil-
ity we assumed Poisson arrivals and exponentially distributéd
sizes. We introduced the “min” bandwidth sharing policy as @,
conservative approximation to the more classical max-min pol-
icy. Necessary and sufficient ergodicity conditions for best eff]
fort networks under the min and max-min policies have been
established. [7]

In order to pursue the analysis of the stationary distributions
of the number of transfers in progress, we have resorted to large
network asymptotics applying the mean field approach of sta-
tistical physics. This enabled us to derive fixed point equatio
for the probability distribution of the number of ongoing trans-
fers on a given network link. The validity of these equations has
been established by comparing their solution with the results B!
simulations.

Analytical and numerical results show how the mean transféf!
time depends on the number of bottleneck links and their load.
The steady state distribution in networks where routes have sev-
eral bottlenecksl(> 1) has a marked modal behavior. This i$13]
significantly different to the geometric distribution which holds 41
when routes have a single bottlenetk=f 1). Performance is
also much more sensitive to link lo@adfor multiple bottleneck
routes: ap — 1, mean transfer time increases lik&(1— p)?
in the casé. = 2, whereas the dependence is ji{{ILl— p) when
L = 1. Finally, the impact of the number of hops per rolute
appears small (given that> 1) compared to that of parame-
ter p. This suggests that the star-shaped network is perhaps a
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